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PARABOLIC VECTOR BUNDLES ON KLEIN SURFACES
INDRANIL BISWAS AND FLORENT SCHAFFHAUSER
Abstract. Given a discrete subgroup Γ of finite co-volume of PGL(2,R), we define and study parabolic
vector bundles on the quotient Σ of the (extended) hyperbolic plane by Γ. If Γ contains an orientation-
reversing isometry, then the above is equivalent to studying real and quaternionic parabolic vector bundles
on the orientation cover of Σ. We then prove that isomorphism classes of polystable real and quaternionic
parabolic vector bundles are in bijective correspondence with equivalence classes of real and quaternionic
unitary representations of Γ. Similar results are obtained for compact-type real parabolic vector bundles
over Klein surfaces.
1. Introduction
Holomorphic vector bundles on compact Riemann surfaces is a rich topic that started with the papers of
Weil and Atiyah ([Wei38], [Ati57]), who gave necessary and sufficient conditions for such bundles to arise
from linear representations of the fundamental group. The notion of stability, which had been introduced
by Mumford in order to construct moduli varieties of such bundles ([Mum63, Mum65]), was then used by
Narasimhan and Seshadri to prove that vector bundles arising from irreducible unitary representations were
exactly the stable vector bundles of degree zero ([NS65]). Mehta and Seshadri later introduced the notion
of parabolic vector bundles ([MS80]), and proved an analog of the Narasimhan-Seshadri theorem for unitary
representations of the fundamental group of a punctured Riemann surface. More precisely, they proved that,
given a finite subset S of a compact Riemann surface X , irreducible representations of π1(X \ S) in U(r)
correspond bijectively to stable parabolic vector bundles on X of rank r and parabolic degree zero with
parabolic structure at the points of S.
In this paper, we call Klein surface a Riemann surface equipped with an anti-holomorphic involution.
Just as compact Riemann surfaces correspond to smooth complex projective curves, compact Klein surfaces
correspond to smooth complex projective curves defined over the field of real numbers. Let then (X, σ) be
a compact connected Klein surface (σ being the given anti-holomorphic involution of the Riemann surface
X). A real vector bundle on (X, σ) is a holomorphic vector bundle on X equipped with an anti-holomorphic
lift τ of σ such that τ2 = Id, and a quaternionic vector bundle on (X, σ) is a holomorphic vector bundle on
X equipped with an anti-holomorphic lift τ of σ such that τ2 = −Id. Real and quaternionic vector bundles
on Klein surfaces have been intensively investigated ([KW03, BHH10, Sch11]) and our aim here is to study
the parabolic analog of them. We note that real parabolic vector bundles and linear connections on such
bundles have already been studied by S. Amrutiya in [Amr14a, Amr14b]: in the present paper, we will focus
on stable and polystable such bundles, in both the real and quaternionic case, and on unitary connections
on such bundles. Given (X, σ) as above (X compact) and a finite subset S ⊂ X such that σ(S) = S, we set
Y := X \ S and we let Γ(Y, σ) := πorb1 (Y/σ) be the orbifold fundamental group of the quotient of Y by the
action of the group < σ > generated by the anti-holomorphic involution σ|Y . Then there is a short exact
sequence
1 −→ π1(Y ) −→ Γ(Y, σ) −→ Z/2Z −→ 1 (1.1)
and, by definition, a unitary representation of this short exact sequence will be a group morphism from
Γ(Y, σ) to an extension W(r) of the form
1 −→ U(r) −→W(r) −→ Z/2Z −→ 1 (1.2)
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which induces the identity on Z/2Z (see Definition 3.1). Recall that, when Z/2Z acts on U(r) by complex
conjugation, one has H2(Z/2Z;Z(U(r))) = {±1}. Therefore, with respect to that action, there are only two
isomorphism classes of extensions of the form (1.2), the trivial class being that of the semi-direct product
U(r) ⋊ Z/2Z. Representations of Γ(Y, σ) into the trivial (respectively, non-trivial) type of extension will
be called real (respectively, quaternionic) unitary representations of Γ(Y, σ). We then prove the following
result.
Theorem 1.1. Let (X, σ) be a compact Klein surface and let S ⊂ X be a finite subset such that σ(S) = S.
Let Y be the punctured surface X \ S, assumed to be of negative Euler characteristic, and let Γ(Y, σ) be the
orbifold fundamental group of the quotient surface Y/σ. Then there is a bijective correspondence between
equivalence classes of real (respectively, quaternionic) unitary representations of Γ(Y, σ) and isomorphism
classes of polystable real (respectively, quaternionic) parabolic vector bundles of parabolic degree zero on (X, σ)
with parabolic structure at the points of S.
More precisely, we prove that every polystable real (respectively, quaternionic) parabolic vector bundle of
parabolic degree zero on (X, σ, S) is isomorphic to a parabolic bundle of the form E(̺)•, where ̺ is a real
(respectively, quaternionic) unitary representation of Γ(Y, σ) and E(̺)• is equipped with its canonical real
(respectively, quaternionic) structure (constructed in Proposition 3.2). A similar result is then proved for
compact-type real parabolic vector bundles (see Definition 2.3, Proposition 3.4 and Theorem 3.7).
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by Convocatoria 2018-2019 de la Facultad de Ciencias (Uniandes), Programa de investigación “Geometría
y Topología de los Espacios de Módulos”, the European Union’s Horizon 2020 research and innovation pro-
gramme under grant agreement No 795222 and the University of Strasbourg Institute of Advanced Study
(USIAS), and U.S. National Science Foundation grants DMS 1107452, 1107263, 1107367 “RNMS: Geometric
structures And Representation varieties” (the GEAR Network).
2. Parabolic vector bundles and stability
2.1. Real and quaternionic parabolic vector bundles. LetX be a compact connected Riemann surface.
Let σ : X −→ X be an anti-holomorphic involution of X . Fix a finite subset S = {x1, · · · , xd} ⊂ X such
that σ(S) = S. Note that σ may not fix S pointwise (compare [MS80, p. 212]). Let E be a holomorphic
vector bundle on X .
Definition 2.1. [MS80, Definition 1.5] A quasi-parabolic structure on E over S consists of d strictly de-
creasing filtrations
Exj = E
1
j ) E
2
j ) · · · ) Enjj ) Enj+1j = 0 (1 ≤ j ≤ d),
and a parabolic structure on E over S is a quasi-parabolic structure as above, together with d strictly
increasing sequences of real numbers
0 ≤ α1j < α2j < · · · < αnjj < 1 (1 ≤ j ≤ d).
The real number αij is called the parabolic weight of the subspace E
i
j in the quasi-parabolic filtration. The
multiplicity of a parabolic weight αij at xj is defined to be the dimension of the complex vector space E
i
j/E
i+1
j .
A parabolic vector bundle on (X,S) is a triple (E, {Eij}, {αij}) consisting of a vector bundle on X equipped
with a parabolic structure over S.
We refer to [MS80] for the definition of a morphism of parabolic vector bundles. For notational conve-
nience, a parabolic vector bundle (E, {Eij}, {αij}) as above will also be denoted by E•.
Let E be a holomorphic vector bundle on X of rank r. Let E be the C∞ complex vector bundle of rank r
on X whose underlying real vector bundle of rank 2r is the C∞ real vector bundle underlying E and whose
multiplication by
√−1 on the fibers coincides with the multiplication by −√−1 on the fibers of E. The
holomorphic structure on E induces a holomorphic structure on σ∗E, uniquely characterized by the fact
that the holomorphic sections of σ∗E over U are the anti-holomorphic sections of E on σ(U). Note that
a morphism of holomorphic vector bundles ϕ : E −→ F gives rise to a morphism of holomorphic vector
bundles σ∗ϕ : σ∗E −→ σ∗F . Let then E• = (E, {Eij}, {αij}) be a parabolic bundle. For all xj ∈ S, the
filtration {Eij} of Exj produces a filtration of the fiber (σ∗E)σ(xj) using the conjugate linear identification
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of Exj with (σ
∗E)σ(xj). For any j, the parabolic weights {αij}nji=1 associated to {Eij}nji=1 can be considered
as parabolic weights associated to this filtration of (σ∗E)σ(xj). The new parabolic vector bundle obtained
this way will be denoted by σ∗E•. We then have the following definition of a real parabolic vector bundle
(equivalent to [Amr14b, Definition 3.1]), and its immediate generalization to the quaternionic case.
Definition 2.2 (Real and quaternionic parabolic vector bundles). A real parabolic vector bundle on (X, σ, S)
is a parabolic vector bundle E• = (E, {Eij}, {αij}) on (X,S), together with a holomorphic isomorphism of
parabolic vector bundles ϕ : E• −→ σ∗E• such that σ∗ϕ ◦ ϕ = IdE . A quaternionic parabolic vector bundle
on (X, σ, S) is a parabolic vector bundle E• on (X,S), together with a holomorphic isomorphism of parabolic
vector bundles ϕ : E• −→ σ∗E• such that σ∗ϕ ◦ ϕ = −IdE .
Note that a real or quaternionic parabolic vector bundle in particular satisfies σ∗E• ≃ E•. Conversely, if
E• is a simple parabolic vector bundle over (X, σ) that satisfies σ
∗E• ≃ E•, then E• admits either a real or
a quaternionic structure. Let now E∨• be the parabolic dual of E• (see [Yok95, Section 3], [Bis03, p. 309]).
The holomorphic vector bundle underlying the parabolic vector bundle E∨• will be denoted by E
∨
0 . Note
that E∨0 is in general only a subsheaf of E
∨ (the dual of E as a vector bundle), and that the inclusion map
E∨0 →֒ E∨ is an isomorphism over X \ S, but fails to be an isomorphism over xj ∈ S if there is a non-zero
parabolic weight of E• at xj . Note that (E
∨
• )
∨ is canonically isomorphic to E•.
Definition 2.3 (Compact-type real parabolic vector bundles). A compact-type real parabolic vector bundle
on (X, σ, S) is a parabolic vector bundle E• = (E, {Eij}, {αij}) on (X,S), together with a holomorphic
isomorphism ϕ : E• −→ (σ∗E)∨• such that (σ∗ϕ)∨ ◦ ϕ = IdE .
Remark 2.4. Note that a compact-type real parabolic vector bundle in particular satisfies (σ∗E)∨• ≃ E•.
Conversely, if E• is a simple parabolic vector bundle over (X, σ) that satisfies (σ
∗E)∨• ≃ E•, then E• admits
a compact-type real structure (because Aut(E•) ≃ Z(GL(r;C)) ≃ C∗ is 2-divisible). In principle, one could
also define compact-type quaternionic parabolic vector bundles (by requiring that (σ∗ϕ)∨ ◦ ϕ = −IdE), but
these can in fact only occur for vector bundles with structure group contained in SL(2m;C), as Z(SL(2m;C))
is no longer 2-divisible.
2.2. Stability. The parabolic degree of a parabolic vector bundle E• = (E, {Eij}, {αij}) is defined ([MS80,
Definition 1.11]) to be
par-deg(E•) = degree(E) +
d∑
j=1
nj∑
i=1
αij dim(E
i
j/E
i+1
j ).
Take any holomorphic subbundle F ⊂ E. For each xj ∈ S, the fiber Fxj has a filtration obtained by
intersecting the quasi-parabolic filtration of Exj with the subspace Fxj . The parabolic weight of a subspace
V ⊂ Fxj in this filtration is the maximum of the numbers {αij | V ⊂ Eij ∩Fxj}. This parabolic structure on
F will be denoted by F•.
Definition 2.5 (Stability for parabolic bundles). A parabolic vector bundle E• = (E, {Eij}, {αij}) is called
stable (respectively, semistable) if for all subbundles F ( E of positive rank, the inequality
par-deg(F•)
rank(F )
<
par-deg(E•)
rank(E)
(
respectively,
par-deg(F•)
rank(F )
≤ par-deg(E•)
rank(E)
)
holds [MS80, Definition 1.13]. A parabolic vector bundle E• is called polystable if it is semistable and
isomorphic to a direct sum of parabolic stable vector bundles (see [Yok95], [Bis03] for direct sums of parabolic
vector bundles).
A stable parabolic bundle is simple, meaning that any holomorphic automorphism of it is a constant non-
zero scalar multiplication ([MS80]). The parabolic bundles appearing in the direct sum defining a polystable
parabolic bundle all have the same parabolic slope, equal to that of E.
Definition 2.6 (Stability for real and quaternionic parabolic bundles). A real or quaternionic parabolic
vector bundle (E•, ϕ) = ((E, {Eij}, {αij}), ϕ) is called stable (respectively, semistable) if for all subbundles
F ( E of positive rank with ϕ(F ) = σ∗F , the inequality
par-deg(F•)
rank(F )
<
par-deg(E•)
rank(E)
(
respectively,
par-deg(F•)
rank(F )
≤ par-deg(E•)
rank(E)
)
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holds. A real (respectively, quaternionic) parabolic vector bundle (E•, ϕ) is called polystable if it is semistable
and isomorphic to a direct sum of real (respectively, quaternionic) parabolic stable vector bundles.
A stable real parabolic vector bundle is not necessarily simple; take for instance the trivial parabolic
structure on a real vector bundle of the form E = F
⊕
σ∗F , with F stable and σ∗F 6≃ F . However, the
automorphism group of such a bundle is either R∗ or C∗, as follows from adapting the techniques of [Sch12]
to the present parabolic setting.
Definition 2.7 (Stability for compact-type real parabolic bundles). A compact-type real parabolic vector
bundle (E•, ϕ) = ((E, {Eij}, {αij}), ϕ) is called stable (respectively, semistable) if for all subbundles F ( E
of positive rank such that ϕ(F ) annihilates σ∗F , the inequality
par-deg(F•)
rank(F )
<
par-deg(E•)
rank(E)
(
respectively,
par-deg(F•)
rank(F )
≤ par-deg(E•)
rank(E)
)
holds. A compact-type real (respectively, quaternionic) parabolic vector bundle (E•, τ) is called polystable
if it is semistable and isomorphic to a direct sum of compact-type real (respectively, quaternionic) parabolic
stable vector bundles.
We can then state the main result of Section 2.
Theorem 2.8. A real or quaternionic parabolic vector bundle ((E, {Eij}, {αij}), τ) is semistable (respectively,
polystable) if and only if the parabolic vector bundle (E, {Eij}, {αij}) is semistable (respectively, polystable).
A compact-type real parabolic vector bundle ((E, {Eij}, {αij}), τ) is semistable (respectively, polystable) if
and only if the parabolic vector bundle (E, {Eij}, {αij}) is semistable (respectively, polystable).
Proof. Let (E• , ϕ) be a real or quaternionic parabolic vector bundle. If E• is semistable, then (E• , ϕ) is
evidently semistable. For the converse, note that if (E• , ϕ) is real (respectively, quaternionic), then it follows
from the uniqueness of the Harder–Narasimhan filtration of the parabolic vector bundle E•, it follows that
this filtration is preserved by ϕ. Consequently, if (E• , ϕ) is semistable, then E• is semistable. A similar
argument applies in the compact-type case.
If (E• , ϕ) is a real or quaternionic parabolic vector bundle such that E• is polystable, then
E• ≃ E(1)• ⊕ . . .⊕ E(k)•
with E
(m)
• stable. The issue is that a given E
(m)
• in that decomposition may not be a real (respectively,
quaternionic) sub-bundle of (E• , ϕ). But, if it is not, then σ
∗E(m)• also appears in the decomposition of E•
as a direct sum of stable parabolic bundles, and it is easy to check, adapting the techniques of [Sch12], that
in this case E(m) ⊕ σ∗E(m) is a stable real parabolic bundle. Conversely, if (E• , ϕ) is polystable, then we
know that E• is semistable because (E• , ϕ) is semistable, therefore that E• has a unique maximal polystable
parabolic subbundle F with parabolic slope the same as that of E• [HL10, page 23, Lemma 1.5.5]. Now,
from the uniqueness of such a maximal polystable parabolic subbundle, it follows that F is invariant under
ϕ (here, ϕ-invariant means that ϕ(F ) ⊂ σ∗F ). As (E• , ϕ) is polystable, the subbundle F has a ϕ-invariant
complement F ′. But if F ′ is non-zero, then the maximality of F is contradicted, because F ′ also has a unique
maximal polystable parabolic subbundle F with parabolic slope same as that of E•. Therefore, we conclude
that F ′ = 0, which implies that E• is polystable. Again, a similar argument applies in the compact-type
case. 
Corollary 2.9. A stable real (respectively, quaternionic) parabolic vector bundle on (X, σ, S) is, in general,
only polystable as a parabolic vector bundle. If it is in fact stable as a parabolic vector bundle, it will be called
geometrically stable as a real (respectively, quaternionic) parabolic vector bundle.
A stable compact-type real parabolic vector bundle on (X, σ, S) is, in general, only polystable as a parabolic
vector bundle. If it is in fact stable as a parabolic vector bundle, it will be called geometrically stable as a
compact-type real parabolic vector bundle.
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3. Parabolic vector bundles arising from unitary representations
3.1. From unitary representations to polystable parabolic vector bundles. Let (X, σ) be a compact
Klein surface and let S = {x1, . . . xd} be a finite subset of X satisfying σ(S) = S. Set Y := X \ S and
let Γ(Y, σ) be the orbifold fundamental group of the quotient surface Y/σ. Recall that Γ(Y, σ) fits in the
fundamental short exact sequence (1.1). Consider the action of Z/2Z on the unitary group U(r) by complex
conjugation and recall that H2(Z/2Z;Z(U(r))) = {±1}, where Z(U(r)) ≃ S1 is the center of U(r). We
denote by W(r)± the corresponding extensions
1 −→ U(r) −→W(r)± −→ Z/2Z −→ 1.
In particular, W(r)+ ≃ U(r) ⋊ Z/2Z.
Definition 3.1 (Real and quaternionic unitary representations). A real unitary representation of Γ(Y, σ) is
a group morphism ̺ : Γ(Y, σ) −→W(r)+ such that the following diagram commutes.
1 // π1(Y ) //

Γ(Y, σ) //
̺

Z/2Z // 1
1 // U(r) //W(r)+ // Z/2Z // 1
A quaternionic unitary representation of Γ(Y, σ) is a group morphism ̺ : Γ(Y, σ) −→ W(r)− such that the
following diagram commutes.
1 // π1(Y ) //

Γ(Y, σ) //
̺

Z/2Z // 1
1 // U(r) //W(r)− // Z/2Z // 1
Two real (respectively, quaternionic) unitary representations ̺ and ̺′ are called equivalent if there is an
element u ∈ U(r) such that, for all γ ∈ Γ(Y, σ), we have u̺(γ)u−1 = ̺′(γ).
In particular, if ̺ : Γ(Y, σ) −→W(r)± is either a real or a quaternionic representation, ̺|π1(Y ) : π1(Y ) −→
U(r) defines a parabolic vector bundle E(̺)• over X ([MS80, Section 1]). The parabolic weights at xj and
their multiplicities are given by the eigenvalues of the image under ̺ of an element of π1(Y ) produced by an
oriented loop around xj (this element of π1(Y ) is not unique, but its conjugacy class is, so the eigenvalues
and their multiplicities are also uniquely determined). By [MS80, Proposition 1.12], the parabolic vector
bundle E(̺)• is polystable of parabolic degree zero, and it is stable if and only if the representation ̺|π1(Y ) is
irreducible. Conversely, any polystable parabolic vector bundle of rank r and parabolic degree zero is given
by a homomorphism from π1(Y ) to U(r) ([MS80]).
Proposition 3.2. If ̺ : Γ(Y, σ) −→ W(r)+ is a real unitary representation of Γ(Y, σ), then the parabolic
vector bundle E(̺)•, of parabolic degree 0, has a canonical real structure, with respect to which it is polystable.
If ̺ : Γ(Y, σ) −→ W(r)− is a quaternionic unitary representation of Γ(Y, σ), then the parabolic vec-
tor bundle E(̺)•, of parabolic degree 0, has a canonical quaternionic structure, with respect to which it is
polystable.
This is proved by going deeper into the details of the construction of the parabolic vector bundle E(̺)•
over X . We do it below in the real case, the quaternionic one being similar (see [Sch17, Section 2]). Note
that, in [MS80], the construction of E(̺)• is presented from a slightly point of view, closer to that of [Wei38].
One starts with a Fuchsian group of finite co-volume Γ ⊂ PSL(2,R) and consider the compact Riemann
surface X := (H ∪ {cusps of Γ})/Γ, where H is the real hyperbolic plane, acted upon holomorphically by
the discrete group Γ. The finite set S ⊂ X is the projection to X of the fixed points and cusps of Γ in
Ĥ := H ∪ ∂H. In particular, each point x ∈ S has an order 1 ≤ dx ≤ ∞, which by definition is the order
of the cyclic group StabΓ(h), for all h lying above x in Ĥ. So dx =∞ if and only if x comes from a cusp of
Γ (in ∂H). The relation with the previous point of view is given by the fact that a generator of StabΓ(h)
comes from the homotopy class of a small loop around x in X \ S. Note that, on the one hand, if Γ is
cocompact, then X = H/Γ can be viewed as an orbifold Riemann surface, with S equal to the set of orbifold
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singularities of X . Parabolic vector bundles over (X,S) then correspond to orbifold vector bundles over X
([Bod91, Bis97]). On the other hand, if Γ is torsion-free of finite co-volume, so has only cusps as fixed points
in Ĥ, then Γ ≃ π1(X \ S).
Proof of Proposition 3.2. In view of [MS80, Proposition 1.12] and Theorem 2.8, it suffices to proves that the
parabolic vector bundle E(̺)• −→ X has a real (respectively, quaternionic) structure which is compatible with
its parabolic structure; it will then automatically be polystable in the real (respectively, quaternionic) par-
abolic sense. The real (respectively, quaternionic) structure in question comes from the Γ(Y, σ)-equivariant
structure of the vector bundle H × Cr over H, associated to the representation ̺ : Γ(Y, σ) −→ W(r)±,
which is defined by γ · (h, v) := (γ · h, ̺(γ)v). If γ ∈ Γ(Y, σ) \ π1(Y ), then γ2 is, so it descends to an
anti-holomorphic transformation E(̺) = (H×Cr)/Γ, covering the real structure of the base. It is then easy
to check that this induced transformation squares to IdE(̺) (respectively, −IdE(̺)) if ̺ is a real (respectively,
quaternionic) representation, and that it does not depend on the choice of the element γ ∈ Γ(Y, σ) \ π1(Y );
see [Sch17, Section 2] for details. If we now add the fixed points of Γ(Y, σ), then the parabolic structure of
(Ĥ × Cr)/π1(Y ) over S comes, as we have recalled, from the Stabπ1(Y )(h)-equivariant structure of Ĥ × Cr
around y ∈ Ĥ ([MS80, Section 1]). It therefore suffices to show that this equivariant structure extends to an
equivariant structure for the larger stabilizer subgroup StabΓ(Y,σ)(h), which is indeed the case since ̺ is, by
assumption, a unitary representation of the full Γ(Y, σ). 
Remark 3.3. When S is contained in the fixed point set Xσ (compare [MS80, p. 212]), we can be more
explicit in the proof of Proposition 3.2 for real parabolic vector bundles. Indeed, in this case, the parabolic
structure on Ex (for all x ∈ S) comes from a representation of the stabilizer group Stabπ1(Y )(h) −→ U(r)
for some chosen h above x in Ĥ. Such a representation sends a generator γy of the cyclic group Stabπ1(Y )(h)
to the unitary matrix 

expi2πβ1 0
. . .
0 expi2πβn


where (β1, . . . , βn) are the (non-necessarily distinct) weights of E(̺)• at x. This representation is Z/2Z-
equivariant with respect to the involution z 7−→ z−1 on Stabπ1(Y )(h) and complex conjugation on U(r), so
it extends to a group morphism from Stabπ1(Y )(h) ⋊ Z/2Z ≃ StabΓ(Y,σ)(h) to U(r) ⋊ Z/2Z ≃ W(r)+, as
claimed.
We now perform a similar analysis in the compact-type case. This time, we consider the trivial action
of Z/2Z on the unitary group U(r). Then we have H2(Z/2Z;Z(U(r))) = 1, because the Abelian group
Z(U(r)) ≃ S1 is 2-divisible (note that this would not happen for SU(2m) and that this is related to what
we were saying in Remark 2.4, regarding the existence of compact-type quaternionic vector bundles with
structure group contained in SL(2m;C); see also [Ho04]). Therefore, any extension of Z/2Z by U(r) in this
case is isomorphic to the direct product U(r) × Z/2Z. In particular, if we look at the analog of Definition
3.1 in this context, we find that unitary representations of Γ(Y, σ) inducing the identity on Z/2Z correspond
bijectively to unitary representations of Γ(Y, σ) in the usual sense, i.e. group morphisms ̺ : Γ(Y, σ) −→ U(r).
We then have the following analog of Proposition 3.2.
Proposition 3.4. Let ̺ : Γ(Y, σ) −→ U(r) be a unitary representation of Γ(Y, σ). Then the parabolic vector
bundle E(̺)• has a canonical compact-type real structure, with respect to which it is polystable.
Proof. It suffices to prove that there is an isomorphism ϕ : E(̺)• −→ (σ∗E(̺))∨• such that (σ∗ϕ)∨◦ϕ = IdE(̺).
This follows from the fact thatH×Cr descends to a Hermitian vector bundle V on the open dianalytic surface
Y/σ = H/Γ(Y, σ), which in turn pulls back to an anti-invariant vector bundle W on the double cover Y of Z
(where by anti-invariant we mean that σ∗W∨ ≃ W on Y ). As V∨ ≃ V on Y/σ, the isomorphism σ∗W∨ ≃ W
over Y is actually a compact-type real structure, by construction. Finally, W is just E(̺), since both come
from the π1(Y )-equivariant vector bundle H × Cr, induced on by ̺ : Γ(Y, σ) −→ U(r). The compatibility
with the parabolic structure is checked in the same way as in Proposition 3.2. 
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3.2. From polystable parabolic vector bundles to unitary representations. In this section, we prove
the main result of this paper (Theorem 1.1) and its analog for compact-type real bundles (Theorem 3.7).
The strategy is to construct an inverse to the maps ̺ 7−→ E(̺)• constructed in Propositions 3.2 and 3.4,
thus proving that every polystable real (respectively, quaternionic) parabolic vector bundle of parabolic
degree zero comes from a real (respectively, quaternionic) representation ̺ : Γ(Y, σ) −→ W(r)±, and that
every polystable compact-type real parabolic vector bundle of parabolic degree zero comes from a unitary
representation in the usual sense ̺ : Γ(Y, σ) −→ U(r). Given a polystable real (respectively, quaternionic,
respectively, compact-type real) vector bundle (E• , ϕ) of parabolic degree zero, such a map is obtained via
the holonomy representation of a certain singular unitary connection on E•, namely the Chern connection
Ah of an adapted Hermitian-Yang-Mills metric h on E• (see [Biq91, Section 2.1]). Note that, if we do not
impose any compatibility condition on Ah and ϕ, then we are exactly in the situation of the Mehta-Seshadri
theorem (since E• is polystable in view of Theorem 2.8), so this already gives us a holonomy representation
̺′ : π1(Y ) −→ U(r) such that E(̺′)• ≃ E• and all that is left to do is incorporate the real (respectively,
quaternionic, respectively, compact-type real) structure ϕ and show that, when Ah is compatible with ϕ in
a sense to be made precise, then ̺′ extends to a real or quaternionic representation ̺ : Γ(Y, σ) −→ W(r)±
(respectively, a unitary representation ̺ : Γ(Y, σ) −→ U(r) in the compact-type case), which is what we deal
with next, as it has independent interest (Lemma 3.5). To simplify the exposition, we focus in what follows
on the real case. Unless explicitly stated otherwise, the quaternionic and compact-type real cases are dealt
with similarly.
Lemma 3.5. Let (E• , ϕ) be a real parabolic vector bundle of parabolic degree zero on the compact Klein
surface (X, σ, S). Let h be an adapted Hermitian-Yang-Mills metric on E• and let Ah be the associated
Chern connection. If Ah is compatible with ϕ in the sense that the pullback of the singular connection σ
∗Ah
on σ∗E• under the isomorphism ϕ : E• −→ σ∗E• coincides with Ah, then the holonomy representation
̺′ : π1(X \ S) −→ U(r) extends to a group morphism ̺ : πorb1 ((X \ S)/σ) −→ U(r) ⋊ Z/2Z.
Proof. Since E• has parabolic degree 0 and h is an adapted Hermitian-Yang-Mills metric on E•, the restriction
of the Chern connection Ah to E|X\S is flat (this follows for instance from the Gauss-Bonnet formula [Biq91,
Proposition 2.9] and the fact that the curvature of the Chern connection of an adapted Hermitian-Yang-Mills
metric is constant over X \ S, by definition of Yang-Mills equations). So we get a holonomy representation
̺′ : π1(X \ S) −→ U(r). As the connection Ah is compatible with the real structure ϕ, we can apply the
general properties of parallel transport for invariant connections ([Sch17, Section 4.1]) and show that ̺′
extends to a group morphism ̺ : πorb1 ((X \ S)/σ) −→ U(r) ⋊ Z/2Z. 
The final step is then to ensure the existence of an invariant adapted Hermitian-Yang-Mills metric on
(E• , ϕ). Indeed, after that, it is a simple matter to check that the Chern connection of an invariant adapted
Hermitian is itself invariant (this follows from the uniqueness of the Chern connection), which puts us in
the situation of Lemma 3.5. By invariant metric on (E• , ϕ), we mean here an adapted Hermitian metric
h on E• such that the isomorphism ϕ : E• −→ σ∗E• becomes an isometry when σ∗E• is equipped with
the metric σ∗h induced by h. Equivalently, we may use ϕ to pull back the metric σ∗h to E• : this sets
up a Z/2Z-action on the space of metrics, and an invariant metric is then just a fixed point of that action.
Note that this action is induced by the (anti-holomorphic) involution σ : Y −→ Y and the real structure
ϕ : E• −→ σ∗E•, which may also be seen as a lift τ : E• −→ E• of the real structure σ : Y −→ Y . The
existence, under the assumption that (E• , ϕ) is polystable, of an invariant adapted Hermitian-Yang-Mills
metric on E• then follows from the work of C. Simpson ([Sim88, Theorem 1 and Corollary 3.6] and [Sim90,
Theorem 6]). Strictly speaking, in [Sim88], Simpson considers equivariant bundles over Y when the latter
is equipped with a finite group of holomorphic transformations, but since anti-holomorphic transformations
of Y also act on the set of Hermitian metrics on a complex vector bundle E over Y , his proof extends
directly to our setting. Other approaches to the existence of adapted Hermitian-Yang-Mills connections on
polystable parabolic vector bundles can be found in [Biq91, Por93, NS95], that could presumably also be
used to construct invariant Hermitian-Yang-Mills connections on polystable real parabolic vector bundles.
Note that one advantage of Simpson’s approach is that it does not require using the polystability of the
underlying parabolic vector bundle (Theorem 2.8), only its polystability in the real sense (also, Simpson
considers parabolic Higgs bundles, which are more general than the parabolic vector bundles we study here).
We sum up our discussion in the following statement.
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Theorem 3.6. Let (E• , ϕ) be a real parabolic vector bundle over the open Klein surface (Y, σ). Then (E• , ϕ)
is polystable if and only if it admits an invariant, adapted Hermitian-Yang-Mills metric. In particular, if
E• has vanishing parabolic degree, then the Chern connection of such a metric h is flat and invariant. So,
by Lemma 3.5, its holonomy representation ̺h : π1(Y ) −→ U(r) extends to a real unitary representation˜̺h : πorb1 (Y/σ) −→ U(r) ⋊ Z/2Z.
We have thus proved Theorem 1.1, as well as the following result for compact-type real parabolic vector
bundles.
Theorem 3.7. Let (X, σ) be a compact Klein surface and let S ⊂ X be a finite subset such that σ(S) = S.
Let Y be the punctured surface X \ S, assumed to be of negative Euler characteristic, and let Γ(Y, σ) be the
orbifold fundamental group of the quotient surface Y/σ. Then there is a bijective correspondence between
conjugacy classes of unitary representations of Γ(Y, σ) and isomorphism classes of polystable compact-type
parabolic vector bundles of parabolic degree zero on (X, σ) with parabolic structure at the points of S.
Finally, the following result follows directly from Theorem 3.6 and the notion of geometrically stable real
or quaternionic (respectively, compact-type real) parabolic vector bundle (see Corollary 2.9).
Theorem 3.8. Geometrically stable real and quaternionic parabolic vector bundles on (X, σ, S) correspond
bijectively to real and quaternionic unitary representations ̺ : πorb1 ((X \ S)/σ) −→ W(r)± such that
̺|π1(X\S) : π1(X \ S) −→ U(r) is irreducible.
Geometrically stable compact-type real parabolic vector bundles on (X, σ, S) correspond bijectively to uni-
tary representations ̺ : πorb1 ((X \ S)/σ) −→ U(r) such that ̺|π1(X\S) : π1(X \ S) −→ U(r) is irreducible.
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